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a b s t r a c t 

In this paper, a bilevel programming model is proposed to study a problem of market regulation through 

government intervention. One of the main characteristics of the problem herein analyzed is that the gov- 

ernment monopolizes the raw material in one industry, and competes in another industry with private 

firms for the production of commodities. Under this scheme, the government controls a state-owned 

firm to balance the market; that is, to minimize the difference between the produced and demanded 

commodities. On the other hand, a regulatory organization that coordinates private firms aims to maxi- 

mize the total profit by deciding the amount of raw material bought from the a state-owned firm. Two 

equivalent single-level reformulations are proposed to solve the problem. The first reformulation is based 

on the strong duality condition of the lower level and results in a continuous non-linear model. The 

second reformulation resorts to the complementarity slackness optimality constraints yielding a mixed- 

integer linear model. Additionally, three heuristic algorithms are designed to obtain good-quality solu- 

tions with low computational effort. In this problem, the feasible region of the dual problem associated 

to the follower is independent from the leader’s decision. Therefore, the proposed heuristics exploit this 

particular characteristic of the bilevel model. Moreover, the third heuristic hybridizes the other two algo- 

rithms to enhance its performance. Extensive computational experimentation is carried out to measure 

the efficiency of the proposed solution methodologies. A case study based on the Mexican petrochemi- 

cal industry is presented. Additional instances generated from the case study are considered to validate 

the robustness of the proposed heuristic algorithms. Numerical results indicate that the hybrid algorithm 

outperforms the other two heuristics. However, all of them demonstrate to be good alternatives for solv- 

ing the problem. Additionally, optimal solutions of all the instances are obtained by using good quality 

solutions (given by the hybrid algorithm) as initial solutions when solving the second reformulation via 

a general purpose solver. 

© 2019 Elsevier Ltd. All rights reserved. 
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. Introduction 

Market regulation through government intervention has

ppeared in different ways, such as fiscal policies (taxes and sub-

idies), anti-monopoly legislation, price control, quantity control,

r nationalization of firms, among others [1] . The Public Interest

heory, developed initially by Pigou, explains the regulation as

response to the demand of the public for the correction of

nefficient or inequitable market practices” [2] . A specific manner

f government intervention is through the participation of state-

wned firms, which may be a public monopoly or may compete
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ith private firms. The goal to regulate the market by participation

as been very noticeable in developing countries, mainly in raw

aterials industries [3,4] . For instance, a table of patterns of state

wnership firms on the world in 2010 is presented in [5] , and a

ist of countries in which market regulation by participation exists

n the oil industry in [6–8] . 

The first paper that considers the idea of regulating the market

y including a state-owned firm that competes with other firms

s [9] . In that paper, a short-term analysis of the entrance of a

tate-owned firm into a three-firms oligopoly market is done. They

onclude that the existence of a state-owned firm may improve

he performance of the market. Following up with the existence

f state-owned firms, [10] considers a situation in which the dif-

erence between the production and the production level is made

p by the government. The novelty in that paper is to realize that
erto et al., A market regulation bilevel problem: A case study of 
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a state-owned firm acts as the dominant decision-maker, that is, it

has complete information on the market and announces its deci-

sion. Hence, each private firm reacts to this decision by establish-

ing its output level so that its marginal cost equals the price. Fur-

thermore, [11] explicitly considers the state-owned firm as a leader

in a Stackelberg game. Later, in [12] , a mixed oligopoly model that

helps to compare the differences among the nationalization of a

state-owned firm and the entrance of a new state-owned firm is

studied. This last paper also analyzes the cost effectiveness of the

state-owned firms in the long-term and moreover, the authors con-

sider for the first time a budgetary constraint associated with the

state-owned firm to guarantee a minimum profit. 

Literature reviews regarding mixed oligopolies can be found

in [13] and [14] . In those reviews the common characteristics of

these models are identified. Particularly, the context of the prob-

lem, the cases when the government provides complete informa-

tion, the goal of the state-owned firm, the technology assumptions,

the costs structure, and the hierarchy among the firms (in case of

Stackelberg games). Another literature review that deals with some

foundations for a theory of mixed oligopoly markets is presented

in [15] , and in [16] there is a comparison between the efficiency

of the state monopoly model and the mixed oligopoly model. It is

important to remark that all the above mentioned papers coincide

in that there is a lack of an unified and accepted general mixed

oligopolies modeling framework because each model pursues its

own goals and set different basic assumptions. At this point, it

is also important to emphasize that, to the best of our knowl-

edge and after an intensive literature review, the intervention of

the government via state-owned firms to regulate an industry con-

formed by two interrelated markets has not been studied before.

However, these characteristics appear in real situations, as it will

be described in the case study herein considered. 

To the best of our knowledge, government intervention via

state-owned firms to regulate an industry conformed by two

interrelated markets has not been studied before in the literature.

After an intensive literature review, [1] is the only that presents

a model that could be related to ours but applied to another

context. Nevertheless, the petrochemical industry in Mexico was

ruled by this approach from 1958 to 2014. Also, it is possible to

find similarities in the organization of the petrochemical industry

in Argentina after the nationalization of 51% of YPF’s stocks (Fiscal

Oilfields S.A.) in 2012 [17] or in China after the 1998 reform [18] ,

where three state firms (CNPC, Sinopec and CNOOC) dominate

the refining of petroleum and the production of basic petrochem-

icals and compete with municipal public firms, cooperatives, and

private companies. 

The goal of this paper is to cover this gap presenting a general

model to analyze and regulate an industry with two interrelated

markets where a state-owned firm competes with other private

firms. Obviously, although our approach is completely general, it

is inspired by the situation of the petrochemical industry in Mex-

ico, where a state-owned firm controls the monopoly of a market

but this is interrelated with a second market in which state-owned

and private firms compete. The problem considers two interdepen-

dent industries, in which the first one produces the necessary sup-

plies for the second one. The government has the monopoly of

the first industry, while in the second industry a state-owned firm

competes with remaining private firms in the production of com-

modities. Private firms aim to maximize their profit. Government

aims as a general social welfare to balance the market. The latter

is achieved by minimizing the difference between the supply and

demand of the final commodities. 

Given the privileged position that the government occupies

in this market as the leader decision-maker, the government

decides the amount of commodities that will be produced at

the state-owned firms and the amount of supplies that will be
Please cite this article as: H. Maravillo, J.-F. Camacho-Vallejo and J. Pu

the Mexican petrochemical industry, Omega, https://doi.org/10.1016/j.om
ffered to the private firms. By doing this, the government will

egulate indirectly the production. One can easily appreciate a

ierarchical relationship between both economic agents, in which

he government makes a decision and the private firms react

o it affecting the balance in the market. Furthermore, technical

nd technological issues in the raw material market limit the

roduction, for example, the scarcity of natural resources and

he existing production capacity of the firms. The hierarchy and

nter-relationship among the actors of this situation allow to

ormulate a bilevel programming model, in which the government

ill act as the leader and the private firms as the follower. Other

ilevel models in which the government intervenes to regulate

ocial aspects are [19] and [20] . In the former, the government

mploys an intervention policy based on subsidies in the auto-

otive market, while in the latter, the government apply taxes

ia an agro-environmental policy imposed to the agriculturists.

dditionally, the general model proposed by us perfectly fits to the

etrochemical industry in several developing countries in the last

ecades and it was the case of Mexico for almost 56 years, where

t was apparently run without a theoretically recognizable model. 

The main contributions of this paper can be listed as follows: a

ovel mathematical bilevel programming model to study a mixed-

ligopoly market, three heuristic algorithms based on an iterative

xploration of vertices in the inducible region of the bilevel prob-

em, an extensive computational study analyzing the performance

f our exact reformulations and the proposed heuristic algorithms,

nd a case-study based on the Mexican petrochemical industry. 

The remainder of the paper is organized as follows.

ection 2 defines the mathematical programming bilevel model

nd sets the notation. Two reformulations of the bilevel model

hat reduce it to a single-level one are presented in Section 3 . The

rst one is a continuous non-linear problem, and the second one

educes to a mixed integer linear program. In both cases, the re-

ulting programs are hard to solve for medium to large sizes. Then,

ection 4 describes three proposed heuristic algorithms to provide

ood quality solutions for the bilevel model. Section 5 reports the

umerical results according to the case study under consideration,

nd compares the results obtained through the reformulations and

he algorithms. Also, the results obtained from additional exper-

mentation with random instances are summarized. Conclusions

nd recommendations for future research are given in Section 6 . 

. A market regulation bilevel problem 

.1. Problem’s description 

The problem herein studied considers an industry conformed

y two economic markets, one of them associated to raw material

nd the other one of the final commodities. The supplies (raw

aterial) of the second economic market are produced in the

rst one. In this industry, there is a state-owned firm vertically

ntegrated, that is, that produces in both economic markets. The

tate-owned firm monopolizes the production of the supplies

n the first economic market, but in the other one, this firm

ompetes against the private firms. All the firms have a maximum

roduction capacity and the state-owned firm requires to obtain a

inimum profit (there is a lower bound over its net profit). The

bjective of this latter firm is to balance the market by its inter-

ention. To achieve this goal, it minimizes the lack and surplus of

he offered commodities with respect to the demand. Hence, this

rm determines its production of commodities and the amount

f supplies to be offered to the private firms. On the other hand,

rivate firms’ goal will be to maximize their benefit. 

The decisions taken by the state-owned firm limit the admissi-

le production by the private firms, and the decisions of the pri-

ate firms affect the achievement of the government. As it is men-
erto et al., A market regulation bilevel problem: A case study of 

ega.2019.08.012 

https://doi.org/10.1016/j.omega.2019.08.012


H. Maravillo, J.-F. Camacho-Vallejo and J. Puerto et al. / Omega xxx (xxxx) xxx 3 

ARTICLE IN PRESS 

JID: OME [m5G; August 28, 2019;23:8 ] 

Table 1 

Parameters. 

Parameters 

p i Sale price of commodity i ∈ I 
d i Demand in the market for commodity i ∈ I 
c G 

i 
Production cost of commodity i ∈ I for the state-owned firm 

c E 
i j 

Production cost of commodity i ∈ I for the private firm j ∈ J 
t L Minimum profit set by the government to be obtained by the state-owned firm 

t U Maximum profit set by the government to be obtained by the state-owned firm 

b ij Amount of primary resources that a private firm j ∈ J needs to produce a unit of commodity i ∈ I 
a ij Amount of supply required by private firm j ∈ J to produce a unit of commodity i ∈ I 
q A 

i 
Maximum production capacity of state-owned firm of commodity i ∈ I 

q B 
i 

Maximum amount of raw material that the state-owned firm supplies to the final market for commodities i ∈ I 
m j Maximum production capacity of private firm j ∈ J for commodity i ∈ I 
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ioned before, the government has the monopoly for extracting and

roducing the supplies for one market, and it is assumed that there

xists a centralized organization that regulates the demand of sup-

lies. This organization determines the amount of supplies to each

rivate firm, which is common in economic markets with govern-

ent intervention. A typical example occurs when the government

reates organizations to regulate the competition among firms and

stablishes particular contracts with each private firm fixing the

upplies to be sold to each one. Another case is when the private

rms get together and create a centralized mechanism to which

he responsibility of distributing supplies among them is dele-

ated. In the latter case, that mechanism seeks for a global welfare

f the market; this is the case of common lands cooperative orga-

ization in agriculture. Under this scheme, the government will be

he leader and the centralized mechanism the follower. 

.2. Mathematical formulation 

In this section, the mathematical formulation of the problem

escribed in the previous section is formally introduced. Let I be

he set of commodities and let J be the set of private firms. Each

ommodity i ∈ I is sold at a price p i , and it has a demand d i in the

arket. To produce one unit of a commodity i ∈ I , it costs c G 
i 

to

he state-owned firm and c E 
i j 

to a private firm j ∈ J . The government

xes a minimum and a maximum profit t L and t U to be obtained

y the state-owned firm. The amount of primary resources that a

rivate firm j ∈ J needs to produce a unit of commodity i ∈ I is de-

oted by b ij and the amount of supply required to produce a unit

f commodity i ∈ I is denoted by a ij . Both types of firms have a

imited production capacity. The state-owned firm has a maximum

mount of raw material q B 
i 

that can be supplied to the final mar-

et for producing each commodity i ∈ I , and a maximum amount q A 
i 

hat can be produced for each commodity i ∈ I . Also, each private

rm j ∈ J has a maximum production capacity m j . The parameters

re summarized in Table 1 . 

In order to present our mathematical programming formula-

ion, we will use the following decision variables. The leader’s de-

ision variables are: 

x i , which denotes the production of the state-owned firm for

ach commodity i ∈ I . 

z i , which denotes the supplies offered by the government to the

rivate firms to produce commodity i ∈ I . 

The follower’s decision variables are: 

y ij , which denotes the amount of commodity i ∈ I produced by

rivate firm j ∈ J . 

In our model, non-negative auxiliary variables are introduced

o express the leader’s objective function. Let r i be the shortage of

ommodity i ∈ I and let s i be the corresponding surplus. 

With the above elements, the proposed bilevel programming

ormulation to model the regulation of the economic market de-
Please cite this article as: H. Maravillo, J.-F. Camacho-Vallejo and J. Pu

the Mexican petrochemical industry, Omega, https://doi.org/10.1016/j.om
cribed above results as follows: 

min 

,z,r,s,y 

∑ 

i ∈ I 
(r i + s i ) (1) 

.t. 

∑ 

j∈ J y i j + x i 

d i 
+ r i − s i = 1 , ∀ i ∈ I (2)

 U ≥
∑ 

i ∈ I 
(p i − c G i ) x i ≥ t L , (3)

 ≤ x i ≤ q A i , ∀ i ∈ I (4)

 ≤ z i ≤ q B i , ∀ i ∈ I (5)

 i ≥ 0 , ∀ i ∈ I (6)

 i ≥ 0 , ∀ i ∈ I (7)

 ∈ argmax 
∑ 

j∈ J 

∑ 

i ∈ I 
(p i − c E i j ) ̄y i j , (8)

.t. 
∑ 

j∈ J 
a i j ̄y i j ≤ z i , ∀ i ∈ I (9)

 

i ∈ I 
b i j ̄y i j ≤ m j , ∀ j ∈ J (10)

¯
 i j ≥ 0 , ∀ i ∈ I, ∀ j ∈ J. (11)

The leader’s problem is defined by (1) - (8) , in which (1) repre-

ents the leader’s objective function that aims to minimize the in-

fficiency of the market, namely the overall shortage and surplus

roduction with respect to the total demand. Constraint (2) seeks

o balance the demand of each commodity with the correspond-

ng production of the state-owned and private firms. In (3) , it is

nsured that the state-owned firm obtains a profit from its pro-

uction that must be within a minimum required and a maximum

ermitted. Constraints (4) and (5) establish the production capacity

ssociated with the commodities and offered supplies, respectively.

he non-negativity of the auxiliary variables is expressed in (6) and

7) . Constraint (8) plays a key role in this model, due to the fact

hat it requires that the value of the follower’s variables is given by

he optimal solution of another mathematical programming prob-

em. The follower’s problem is defined by Eqs. (8) - (11) , which aims

o maximize the total profit of all the private firms. The production

f the private firms is limited by the amount of supplies provided

y the government, this is enforced by (9) . Constraint (10) imposes

hat each private firm’s production cannot exceed its maximum ca-

acity. Finally, (11) expresses the non-negativity of the follower’s

ariables. 
erto et al., A market regulation bilevel problem: A case study of 
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In order to have a well-defined formulation for the proposed

bilevel model, it is necessary to make an assumption regarding

multiple optimal solutions that may appear in the follower’s prob-

lem. We assume the optimistic approach defined in [21] . In other

words, among all the optimal follower’s solutions, the one that

minimizes the leader’s objective function is selected. The opti-

mistic approach is suitable for the situation under study since it

may express the existence of a certain cooperation degree among

the government and the mechanism (committee) that represents

the private firms. 

3. Exact solution methodologies 

A common methodology that applies, at times, to solve a bilevel

programming model is to transform it to a single-level reformula-

tion. In order to achieve this goal, the characteristics of the fol-

lower’s problem have to be exploited. Once a leader’s solution is

established, the leader’s variables are fixed in the follower’s prob-

lem. Particularly, z is going to be considered as a parameter in the

problem defined by (8) - (11) . Therefore, the follower’s problem re-

sults in a linear programming problem that has a corresponding

dual, in which α and β correspond to the associated dual vari-

ables. The dual problem associated with the follower’s problem is

as follows: 

min 

α,β

∑ 

i ∈ I 
αi z i + 

∑ 

j∈ J 
β j m j (12)

s.t. a i j αi + b i j β j ≥ (p i − c E i j ) , ∀ i, ∀ j (13)

αi ≥ 0 , ∀ i (14)

β j ≥ 0 , ∀ j. (15)

The primal of the follower’s problem is always feasible and

bounded. Hence, the fundamental duality theorem states that both

problems have optimal solutions and their objective function val-

ues are equal [22] . Similar reformulations than the ones we are de-

veloping in this paper may be found in [23–26] , and [27] . There-

fore, two single-level reformulations that are equal to the bilevel

model herein considered are presented in this section. The first re-

formulation ensures that the optimal solutions of the reformulated

model are in the inducible region of the bilevel problem by using a

corollary of the strong duality theorem. The second reformulation

substitutes the non-linear constraint of the first reformulation by

the complementarity slackness constraints. The first reformulation

results in a continuous non-linear model and the second one is a

mixed-integer linear model. 

3.1. Non-linear reformulation based on the strong duality condition 

The first reformulation consists in adding the constraints asso-

ciated with the dual of the follower’s problem, that is, 12 –(15) , and

to use the necessary and sufficient optimality conditions to ensure

that the follower’s decision belongs to the set of rational reactions.

Therefore, a constraint that equals the follower’s primal and dual

objective functions is added. For a predefined leader’s fixed value

of z the resulting constraint is as follows: ∑ 

j∈ J 

∑ 

i ∈ I 
(p i − c E i j ) y i j = 

∑ 

i ∈ I 
αi z i + 

∑ 

j∈ J 
β j m j . (16)

The first proposed reformulation consists in the following non-

linear single-level problem: 
Please cite this article as: H. Maravillo, J.-F. Camacho-Vallejo and J. Pu
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min 

,z,r,s,y,α,β

∑ 

i ∈ I 
(r i + s i ) (Ref.1)

s.t. (2) − (7) , (9) − (11) , (13) − (15) and (16) . (17)

Note that the linearity of the model is lost in (16) . Further, it

an be represented in the following manner since weak duality im-

lies that the other inequality is always satisfied. ∑ 

j∈ J 

∑ 

i ∈ I 
(p i − c E i j ) y i j + 

∑ 

i ∈ I 
αi z i + 

∑ 

j∈ J 
β j m j ≤ 0 . (18)

.2. Mixed-integer linear reformulation based on complementarity 

lackness 

The second reformulation is based on the complementarity

lackness constraints that ensures the optimality of the follower’s

roblem. A single-level reformulation is recovered by introducing

he following constraints: 

i 

( 

z i −
∑ 

j∈ J 
a i j y i j 

) 

= 0 , ∀ i ∈ I (19)

j 

( 

m j −
∑ 

i ∈ I 
b i j y i j 

) 

= 0 , ∀ j ∈ J (20)

 i j 

(
a i j αi + b i j β j − (p i − c E i j ) 

)
= 0 , ∀ i ∈ I, j ∈ J. (21)

Constraints (19), (20) , and (21) are non-linear, nevertheless they

an be linearized in a straightforward manner by introducing posi-

ive big- M constants M 

1 
i 

and M 

2 
i 

for all i ∈ I ; M 

1 
j 

and M 

2 
j 

for all j ∈ J ;

 

1 
i j 

and M 

2 
i j 

for all i ∈ I, j ∈ J . Also, binary variables γ i , δj , and ε ij for

ll i ∈ I, j ∈ J are included. Constraints (19) - (21) are replaced by the

ollowing constraints: 

i ≤ M 

1 
i γi , ∀ i ∈ I (22)

 i −
∑ 

j∈ J 
a i j y i j ≤ M 

2 
i (1 − γi ) , ∀ i ∈ I (23)

j ≤ M 

1 
j δ j , ∀ j ∈ J (24)

 j −
∑ 

i ∈ I 
b i j y i j ≤ M 

2 
j (1 − δ j ) , ∀ j ∈ J (25)

 i j ≤ M 

1 
i j εi j , ∀ i ∈ I, ∀ j ∈ J (26)

 i j αi + b i j β j − (p i − c E i j ) ≤ M 

2 
i j (1 − εi j ) , ∀ i ∈ I, j ∈ J. (27)

Therefore, this reformulation results in the following single-

evel linear mixed-integer programming model. 

min 

,z,r,s,y,α,β,γ ,δ,ε

∑ 

i ∈ I 
(r i + s i ) (Ref.2)

s.t. (2) − (7) , (9) − (11) , (13) − (15) and (22) − (27) , 

γi , δ j , εi j ∈ { 0 , 1 } , ∀ i ∈ I, j ∈ J. (28)

.3. Adjusting the value of the big M ’s 

In the problem under study, parameters a and b are always

ositive, which means that to produce more commodity, more

upplies are required and more production capacity is used by

he private firms. Moreover, if term p i − c E 
i j 

is negative, private

rms are facing losses, which would lead to their exit from the

conomic market. 
erto et al., A market regulation bilevel problem: A case study of 

ega.2019.08.012 

https://doi.org/10.1016/j.omega.2019.08.012


H. Maravillo, J.-F. Camacho-Vallejo and J. Puerto et al. / Omega xxx (xxxx) xxx 5 

ARTICLE IN PRESS 

JID: OME [m5G; August 28, 2019;23:8 ] 

D  

n  

t

 

u  

o  

β  

t  

a  

s  

i

P

 

 

k

P

 

 

 

l

P

 

j  

M  

M  

M  

M  

M  

M

4

 

t  

p  

a  

f  

t  

p  

l  

t  

p

 

t  

w  

T  

e  

d  

s  

o  

p  

t

4

 

g  

M  

s  

l  

j

 

d  

t  

p  

b  

v  

 

v  

 

j

a  

i  

p  

w  

f

(  

s

∑

λ  

 

o  

T  

r  
efinition. Define the upper bound UB (·) ∈ R of a vector as a real

umber that is greater than or equal to all of the components of

hat vector. 

To adjust the value of M 

1 
i 

for all i ∈ I , first we seek for an

pper bound on αi , such that α belongs to an optimal solution

f the follower’s dual problem. The worst scenario occurs when

j = 0 , ∀ j ∈ J. Then, αi ≥
p i −c E 

i j 

a i j 
for all i ∈ I , ∀ j ∈ J must hold due

o (13) . Since (12) aims to minimize, the optimal solution occurs

t equality. To obtain the upper bound for M 

2 
i 

for all i ∈ I , con-

traint (23) is considered. Hence, it is possible to state the follow-

ng proposition. 

roposition 1. 

1. The upper bound for any optimal value of αi for all i ∈ I is as fol-

lows: 

UB (αi ) = max j∈ J { p i −c E 
i j 

a i j 
} . 

2. The upper bound for constraint (23) is as follows: 

UB 
(
z i −

∑ 

j∈ J a i j y i j 

)
= q B 

i 
. 

Analogously that for M 

k 
i 
, the upper bounds for M 

k 
j 

i = 1 , 2 and

 = 1 , 2 are computed. 

roposition 2. 

1. The upper bound for any optimal value of β j for all j ∈ J is:

UB (β j ) = max i ∈ I { p i −c E 
i j 

b i j 
} . 

2. The upper bound for constraint (25) is: UB 
(
m j −

∑ 

i ∈ I b i j y i j 

)
= m j .

To bound the values of M 

k 
i j 

for all i ∈ I, j ∈ J and k = 1 , 2 , the fol-

owing proposition is stated. 

roposition 3. 

1. The upper bounds for y ij for all i ∈ I, j ∈ J are: 

UB (y i j ) = 

m j 

b i j 
, 

i.e. y i j ≤
m j 

b i j 
for all i ∈ I, j ∈ J. 

2. The upper bound of constraint (27) is: 

UB (a i j αi + b i j β j − (p i − c E 
i j 
)) = a i j UB (αi ) + b i j UB (β j ) . 

Therefore, the adjusted values for M 

k 
i 
, M 

k 
j 
, and M 

k 
i j 

for all i ∈ I,

 ∈ J , k = 1 , 2 based on the computed upper bounds are as follows:

 

1 
i = max 

j∈ J 

{
p i − c E 

i j 

a i j 

}
, ∀ i ∈ I (29)

 

2 
i = q B i , ∀ i ∈ I (30)

 

1 
j = max 

i ∈ I 

{
p i − c E 

i j 

b i j 

}
, ∀ j ∈ J (31)

 

2 
j = m j , ∀ j ∈ J (32)

 

1 
i j = 

m j 

b i j 

, ∀ i ∈ I, j ∈ J (33)

2 

 i j = a i j UB (αi ) + b i j UB (β j ) , ∀ i ∈ I, j ∈ J. (34) 

t
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. Heuristic solution methodologies 

Usually, the reformulations introduced above present computa-

ional limitations for large-size instances. Therefore, alternative ap-

roaches are required to solve the bilevel problem. One common

pproach is to design a heuristic algorithm to obtain good quality

easible solutions with lower computational burden. In this section,

hree tailor-made heuristic algorithms are proposed to solve the

roblem under study. The first two heuristics exploit the particu-

ar structure of the bilevel problem, while the third one hybridizes

he other two. The hybrid heuristic contains key aspects from the

reviously proposed heuristics to enhance its performance. 

Note that it has been already emphasized that the polyhedron

hat defines the feasible region of the dual problem associated

ith the follower is independent from the leader’s variables.

herefore, if all the vertices of this polyhedron were known,

quality (16) and the dual constraints of the first reformulation

escribed in Section 3.1 could be substituted by a set of con-

traints guaranteeing that the equality (16) would be achieved in

ne vertex. Following the latter idea, the dual variables are re-

laced by parameters that represents those known vertices. This is

he approach exploited in the three proposed heuristic algorithms. 

.1. Extreme points iterated algorithm (EPIA) 

In this algorithm, vertices of the dual polyhedron are iteratively

enerated, and a mixed-integer programming problem named the

aster Problem (MP) is solved for each new vertex. The optimal

olution of the MP ensures a feasible solution of the bilevel prob-

em. The algorithm stops when no improvement in the leader’s ob-

ective function is obtained. 

Let P be the polyhedron associated with the constraints of the

ual problem (13) - (15) . Consider v k = (αk , βk ) ∈ P, k = 1 , . . . , | P | as

he vertices of P , in which | P | defines the number of vertices of that

olyhedron with αk = (αk 
1 
, . . . , αk | I| ) and βk = (βk 

1 
, . . . , βk | J| ) . Let F

e the leader’s objective function (1) . Consider χ = (x, z, r, s ) as a

ector that groups the leader’s variables and ϒ = (y 1 , . . . , y | J| ) , v =
(α1 , . . . , α| I| , β1 , . . . , β| J| ) as the vectors that group the follower’s

ariables in the primal and dual follower’s problem. Also, let

f (χ, ϒ̄ ) and g(χ, ̄v ) be the follower primal (8) and dual (12) ob-

ective functions evaluated on fixed ϒ̄ and v̄ , respectively. Define ϕ
s the set of vertices in P that have been already explored. At each

teration K = | ϕ| is updated using k ∈ K as the index of the last ex-

lored vertex. We denote by UB ( z i ) an upper bound on variable z i ,

hich can be naturally fixed to q B 
i 
. Hence, the MP is defined as

ollows: 

MP) : min 

x,z,r,s,y,λ

∑ 

i ∈ I 
(r i + s i ) (35)

.t. (2) − (7) , (9) − (11) , ∑ 

i ∈ I 
αk 

i z i + 

∑ 

j∈ J 
βk 

j m j − (1 − λk )( 
∑ 

i ∈ I 
αk 

i UB (z i ) 

+ 

∑ 

j∈ J 
βk 

j m j ) ≤
∑ 

j∈ J 

∑ 

i ∈ I 
(p i − c E i j ) y i j , ∀ k ∈ K (36) 

 

k ∈ K 
λk = 1 , (37) 

k ∈ { 0 , 1 } , ∀ k ∈ K. (38)

Constraints (36) - (38) guarantee that f (χ, ϒ) = g(χ, v ) holds

nly for a single vertex v k , and λk is an auxiliary binary variable.

he optimal solution of (MP), namely ϒ∗, belongs to the rational

eaction set. Hence, the optimal solution of MP is a feasible solu-

ion of the bilevel problem. 
erto et al., A market regulation bilevel problem: A case study of 
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The process in which the dual problem (12) - (15) is solved for

a fixed vector z obtaining an optimal solution v = (α, β) and the

value of the corresponding objective function ψ , is represented as

D ( z ) → ( v, ψ). Analogously, to solve MP for a set of vertices ϕ is

denoted as MP( ϕ) → ( χ , ϒ). The result is a pair of solutions ( χ ,

ϒ). The pseudocode of the EPIA is presented in Algorithm 4.1 . 

Algorithm 4.1 Extreme points iterated algorithm. 

Step 1 . Initialization: ϕ = ∅ , ρ = ∞ ; 

Step 2 . Find the initial vertices D (0 ) → (v 1 , ψ) . D (q B 
i 
) → (v 2 , ψ) .

ϕ = ϕ ∪ { v 1 , v 2 } ; 
Step 3 . Solve the master problem: MP (ϕ) → (χ k , ϒk ) . π =
F (χ k , ϒk ) ; 

Step 4 . Using the process D (z k ) → (v k , ψ) find a vertex v k ; 
Step 5 . Evaluate leader’s objective function: 

• If ρ > π then ϕ = ϕ ∪ { v k } , ρ = π . Return to Step 3 ; 
• If ρ ≤ π then stops; 

Output : π, (χ k , ϒk ) 

Note that optimality of the bilevel problem is not guaranteed

by this algorithm. The main reason is that during the process, the

algorithm may not improve the leader’s objective function. This

may occurs when the value z k obtained at iteration k produces

a vertex v k that is already in set ϕ, or simply when F (χ k , ϒk ) ≥
F (χ k −1 , ϒk −1 ) . 

4.2. Follower’s gap penalization algorithm (FGPA) 

The general idea of FGPA is to find a feasible solution by us-

ing vertices of the follower’s dual problem, but the dual admits

infeasible solutions. The algorithm consists on iteratively solving a

mixed-integer programming problem, named MMP, that is a modi-

fication of the MP described in previous section. The MMP permits

the existence of a gap between follower’s primal objective function

and the dual objective function value obtained by evaluating the

considered vertices. However, this gap is penalized in the leader’s

objective function aiming to obtain a good feasible solution. 

Since the primal and dual objective values of the follower can

be different, the algorithm may explore other dual vertices using

solutions that are in the constraint region of the bilevel problem,

but not necessarily in the inducible region. Hence, to ensure feasi-

bility, at the end of the iterations another problem named Result-

ing problem (RP) must be solved. RP is a linear single-level prob-

lem defined by constraints (1) - (7) of the leader, constraints (9) - (11)

of the follower, and a constraint that equals f ( χ , ϒ) with the value

of the dual objective function g evaluated with the last obtained

value of z ( ̂ z = z k ). Therefore, ψ is a parameter used in: ∑ 

j∈ J 

∑ 

i ∈ I 
(p i − c E i j ) y i j = ψ. (39)

In MMP, the gap is normalized by a constant M and multiplied

by a coefficient μ to regulate the impact in the leader’s objective

function, that is, to balance the supply and demand. The value of M

can be bounded by the maximum among all the optimal values of

the dual problem obtained at each iteration. The modified master

problem (MMP) is follows: 

(MMP) : min 

x,z,r,s,y,λ,ε 

∑ 

i ∈ I 
(r i + s i ) + 

ε 

M 

μ (40)

s.t. (2) − (7) , (9) − (11) , (37) and (38) , 

ε k + 

∑ 

j∈ J 

∑ 

i ∈ I 
(p i − c E i j ) y i j = 

∑ 

i ∈ I 
αk 

i z i + 

∑ 

j∈ J 
βk 

j m j , ∀ k ∈ K (41)
g
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k ≥ 0 , ∀ k ∈ K (42)

 ≥ 0 , (43)

 ≥ ε k − (1 − λk ) M, ∀ k ∈ K. (44)

Therefore, the RP that is used to obtain a solution in the in-

ucible region is: 

RP) : min 

x,r,s,y 

∑ 

i ∈ I 
(r i + s i ) (45)

.t. (2) − (4) , (6) − (7) , (10) − (11) , (37) − (39) , ∑ 

j∈ J 
a i j y i j ≤ ˆ z i , ∀ i ∈ I. (46)

To refer to the MMP, define MMP( ϕ, M ) → ( χ , ϒ) as in the pre-

ious algorithm. The leader’s objective function (40) is represented

y F ∗. Also, RP (ϕ, ψ, ̂  z ) → (χ, ϒ) denotes the process of solving RP

sing the set of vectors ϕ and the parameters ψ and ˆ z . The pseu-

ocode of FGPA is shown in Algorithm 4.2 . 

lgorithm 4.2 Follower’s gap penalization algorithm. 

tep 1 . Initialization: ϕ = ∅ , ρ = ∞ , D (q B 
i 
) → (v , ψ) . M =

ax { 1 , ψ) } ; 
tep 2 . Solve the modified master problem: PMM (ϕ, M) →

(χ k , ϒk ) . π = F ∗(χ k , ϒk ) ; 

tep 3 . Find a vertex k: Using the process D (z k ) → (v k , ψ) deter-

ine a new vertex v k . Set M = Max { M, ψ) } ; 
tep 4 . Evaluate leader’s objective function: 

• If ρ > π then ϕ = ϕ ∪ { v k } , ρ = π . Return to Step 2 ; 
• If ρ ≤ π then go to Step 5 ; 

tep 5 . Obtain a feasible solution: Using the process D ( ̂ z ) deter-

ine the parameter ψ . RP (ϕ, ψ, ̂  z ) → (χ ∗, ϒ∗) . π = F (χ ∗, ϒ∗) ; 
utput: π, (χ ∗, ϒ∗) 

.3. Hybrid algorithm (HYBA) 

As mentioned before, the EPIA cannot ensure to obtain a new

ertex in each iteration nor a vertex that improves the leader’s ob-

ective function. An intuitive idea is to use the FGPA to avoid this

ssue. The latter algorithm has the advantage of exploring solutions

hat do not belong to the inducible region, by doing this, unex-

lored vertices are obtained. 

The main idea of the HYBA is to perform the steps of EPIA un-

il it stops. When this occurs, a subroutine that solves the MMP

s performed to find a new vertex aiming to reach a different fea-

ible solution. If the new exploration improves the leader’s objec-

ive function, then the FGPA continues until the stopping criterion

s reached. The pseudocode of the proposed hybrid algorithm is

hown in Algorithm 4.3 . 

. Computational experimentation 

In this section, the results obtained from an extensive computa-

ional experimentation of our solution methodologies are reported.

o evaluate both single-level reformulations and the performance

f the proposed heuristic algorithms, a set of 360 instances was

sed. The first subset of 180 instances corresponds to a case based

n a real situation occurred in the Mexican petrochemical industry

etween 1958–2014. The second subset of 180 instances was ran-

omly generated to test the efficiency of our algorithms in more

eneral data sets. 
erto et al., A market regulation bilevel problem: A case study of 
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Algorithm 4.3 Hybrid algorithm. 

Step 1 . Initialization: ϕ = ∅ , ρ = ∞ ; 

Step 2 . Find the initial vertices: D (0 ) → (v 1 , ψ 1 ) . D (q B 
i 
) → (v 2 , ψ 2 ) . 

ϕ = ϕ ∪ { v 1 , v 2 } , M = Max { ψ 1 , ψ 2 } ; 
Step 3 . Solve the master problem: MP (ϕ) → (χ k , ϒk ) . π = 

F (χ k , ϒk ) ; 

Step 4 . Find a vertex k : Determine v k using the process D (z k ) → 

(v k , ψ) . Set ϕ = ϕ ∪ { v k } , M = Max { M, ψ) } ; 
Step 5 . Evaluate leader’s objective function: 

• If ρ > π then Go to Step 6 ; 
• If ρ ≤ π then 

MMP (ϕ, M) → (χ k ∗ , ϒk ∗ ) . D (z k 
∗
) → (v k ∗ , ψ) . ϕ = ϕ ∪ { v k ∗ } ; 

MP (ϕ) → (χ k , ϒk ) . π = F (χ k , ϒk ) . D (z k ) → (v k , ψ k ) , ϕ = ϕ ∪ 

{ v k } , M = Max { M, ψ k ) } ; 
Step 6 . Re-evaluating leader’s objective function: 

• If ρ > π then ρ = π . Return to Step 3 ; 
• If ρ ≤ π then Stops; 

Output : π, (χ k , ϒk ) 
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Table 2 

Classification of petrochemical commodities. 

Year of the classification Basic petrochemicals Secondary petrochemicals 

1960 16 - 

1986 34 26 

1989 8 13 

1992 20 35 

Obtained by using data from [30,33–35] 
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All the computational experiments were conducted in a per-

onal computer Dell Inspiron 5558, with the following character-

stics: a processor Intel(R) Core i3 with 2.10 GHz, 6.00 GB of RAM

nder Windows 10 operative system. The mixed-integer linear

eformulation based on the complementarity slackness condition

hereafter Ref.2 ), and the three proposed heuristic algorithms were

mplemented in C++ using Microsoft Visual Studio 2017. The op-

imizer used was CPLEX 12.7.1. On the other hand, the non-linear

eformulation based on the strong duality condition (hereafter

ef.1 ) was implemented in AMPL using Baron 18.5.8 as optimizer. 

.1. Case study 

In Mexico, the government intervention in the petrochemical

ndustry existed during several decades. The main characteristic

as that the government monopolized the extraction of the main

aw material for this industry, namely petroleum and some other

erivatives called basic petrochemicals. Another characteristic of

his situation was that state-owned firms competed against private

rms in the market of final commodities (secondary petrochemi-

als). 

The institutional framework defined by law the petrochemical

ndustry as the one that performs chemical or physical processes to

roduct compounds from petroleum natural hydrocarbons or from

he products derived from refinement operations. Some of these

roducts may serve as raw materials to the industry, and they were

lassified as part of the basic petrochemicals. The remaining prod-

cts were included into the secondary petrochemical category [28] .

Specifically, in a law from 1958 [29] , it was established that

nly the government was allowed to exploit the hydrocarbons

elated with the oil industry, which was concerned with the

roduction, warehousing, distribution, and sales of the petroleum

erivatives that can be considered as raw materials (basic petro-

hemicals) for the industry. However, for the production of

econdary petrochemicals products, state-owned and private firms

ere allowed to be involved. Therefore, Petróleos Mexicanos

PEMEX) and its subsidiaries was in charge of this industry [30] ,

nd from 1992, also their decentralized departments [31] . The

lassification of basic and secondary petrochemical products varies

y law from year to year [28,30,32–36] . 

To delimit the scope and size of our case study instances based

n the above situation, we consider the number of economic units
Please cite this article as: H. Maravillo, J.-F. Camacho-Vallejo and J. Pu

the Mexican petrochemical industry, Omega, https://doi.org/10.1016/j.om
nvolved in the manufacturing of organic chemical basic products

egistered by the National Institute of Statistics and Geography in

exico (INEGI by its acronym in Spanish) during the economi-

al census conducted in 1999, 2004, 2009, and 2014. The biggest

umber of these units was registered in 2004, and was 159. This

alue is used as an upper bound on the number of private firms

edicated to secondary petrochemical industry. For delimiting the

mount of commodities considered, we use the number of com-

odities classified as basic and secondary petrochemical by the

exican legislation in different years. This information is summa-

ized in Table 2 . 

To complete the instances, we extracted data from the statis-

ical report of the energy sector used by the Mexican Secretary

f Energy. The data of 47 petrochemical commodities from 1980

o 2002 were obtained. The information consists of the demand,

rices, and productive capacity. For each commodity i , the demand

 i was generated from a uniform distribution with the following

arameters: the average of the demands in that period of time

inus the standard deviation, and the average of the demands in

hat period of time plus the standard deviation. The price p i and

he government production capacity q A 
i 

were randomly generated

etween 1 and the maximum price or the maximum capacity for

ach commodity i , respectively. 

The government costs c G 
i 

were obtained as the product of the

rice of each commodity i times a random number between 0.22

nd 0.60. The latter range was defined based on the ratio between

he production costs and the PEMEX (the Mexican state-owned

rm) total income registered from the years 1988–20 0 0, 2011–

013, and 2015–2016. In Mexico, the income of PEMEX is approved

nnually by the Congress of the Union in the Income Law of the

ederation for the Fiscal Year. The revenue is estimated by con-

idering the historical data of PEMEX’s sales, service revenues, and

rojections of the international price of crude oil and some petro-

hemicals. Nevertheless, this resolution can be affected by the ne-

otiations of political parties or the Federal Government’s projects.

o ensure the consistency of the instance, the minimum profit that

he state-owned firm must achieve was computed as the 30% of

he total benefit that the government may obtain if all the petro-

hemicals market demand was satisfied by PEMEX. In these in-

tances there is not upper bound on the maximum profit which

s supposed to be only regulated by the capacities q A 
i 

. 

The state-owned firm has a production capacity q B 
i 

regarding

aw materials i , which was computed as the product of the maxi-

um production coefficient of the private firms and the maximum

apacity of the state-owned firm for producing commodities. Un-

er this assumption, the private firm with best technology could

atch the production capacity of the state-owned firm for an spe-

ific commodity. 

Production costs c E 
i j 

of private firm j are defined as the product

f random coefficients in [0.784,0.884] multiplied times the price

f each commodity i . That range corresponds to the minimum

nd maximum average values of the ratio between the production

osts and the income per year of five real private firms. These

rivate firms operate in the Mexican petrochemical sector: Alpek,

uo (UEN synthetic rubber), Kuo (UEN polystyrene), Mexichem,

nd Pochteca group. 
erto et al., A market regulation bilevel problem: A case study of 
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Table 3 

Number of instances solved to optimality. 

Instances Size Ref.1 Ref.2 

Case- 

study 

10 × 10 15 30 

25 × 25 0 30 

25 × 75 0 30 

50 × 100 0 30 

75 × 125 0 30 

150 × 200 0 30 

Synthetic 10 × 10 30 30 

25 × 25 29 30 

25 × 50 30 30 

50 × 100 29 30 

75 × 125 28 30 

150 × 200 13 30 
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The production technical coefficients a ij are randomly gener-

ated between [0.085,2.111], which corresponds to the range de-

termined by the average plus/minus one standard deviation of all

the petrochemical substances considered in the report presented

by CEPAL [37] . The production levels b ij are generated from the in-

terval [1,95]. The lower bound is natural since these coefficients

must be strictly positives, while the upper bound is equal to the

estimated average of the production levels for each substance con-

sidered in the petrochemical facilities of PEMEX. 

Finally, the production capacity m j of the private firms were

randomly generated between 4,665 and 20,825, which came from

the average of the production capacity of five petrochemical com-

plex of PEMEX. 

Based on the above factors and ranges, we generated 30 in-

stances for each one of the following sizes: 

• | I| = 10 , | J| = 10 
• | I| = 25 , | J| = 25 
• | I| = 25 , | J| = 75 
• | I| = 50 , | J| = 100 
• | I| = 75 , | J| = 125 
• | I| = 150 , | J| = 200 

As it is mentioned above, the instances generated to analyze

the case study were taken as a basis for constructing another set

of synthetic instances to test the performance of our algorithms on

a different data set. This new set of instances has the same sizes

but were randomly generated using arbitrary ranges for each pa-

rameter. Furthermore, the generation scheme guarantees feasibility

of the problem, that is, ensure that the state-owned firm has ca-

pacity to produce all the demand. 

5.2. Numerical results 

Our computational experiment consists on solving both subsets

of instances described above, that is, the case-study and the syn-

thetic instances. All of them were solved by the two reformulations

presented in Section 3 and by the three heuristic algorithms pro-

posed in Section 4 . The leader’s objective function value and the

required time were registered. Among the two exact methods, only

Ref.2 was able to optimally solve all the tested instances. Hence,

these values were used to compute the optimality gap obtained by

the heuristic algorithms. A maximum CPU time of 10 0 0 seconds

was set to the solver for solving Ref.1 , while Ref.2 and the heuris-

tic algorithms we did not fix a time limit since in all cases the re-

quired time was rather small. ‘ We observe from our results, that

Ref.1 was not able to solve all the instances within the time limit.

We also observe that the case-study instances are harder to be

solved than the synthetic ones. For example, for the larger instance

sizes (150 × 200), Ref.1 did not even find feasible solutions for the

problem. This may be due to the fact that synthetic instances were

well-balanced so that, in most cases, shortages and surplus are

both zero. Summarizing, the number of instances solved to opti-

mality by each reformulation is shown in Table 3 . 

The following Tables 4 and 5 report all the results of our

experiment. The results are organized in five column blocks cor-

responding to the five solution methods that are compared. In

the first two blocks, we include two columns with the objective

function values (F) and the CPU time (t). In the remaining three

blocks, in addition we also include the average number of iter-

ations (It). In these tables, averages of the registered values for

each size of the case-study and synthetic instances are shown. It

is worth mentioning that when Ref.1 was not able to solve the

instance, that instance was omitted for the computation of the

corresponding average value. 

We observe from Tables 4 and 5 that Ref.1 (recall that Ref.1 is a

continuous non-linear global optimization problem, while Ref.2 is a
Please cite this article as: H. Maravillo, J.-F. Camacho-Vallejo and J. Pu
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ILP) gets values, on average, closed to those obtained by Ref.2 for

he synthetic instances. However, for the case-study instances the

ituation is different and the average solution values and times

ove away from the optimal averages as the size of the instance

ncreases. Note that for most of the synthetic instances, the op-

imal value is zero, i.e., the supply is perfectly balanced with the

emand. Hence, neither shortages nor surplus exist due to the gen-

ration mechanism of these instances. 

Regarding the heuristic algorithms, it can been observed from

able 5 that EPIA and HYBA report values, on average very close, to

he optimal ones for all the sizes of the synthetic instances. How-

ver, for the case-study instances, HYBA reports the best results

mong all the three heuristic algorithms (see Table 4 ). Moreover,

he performance of EPIA and FGPA significantly depends on the

ize of the instance. In terms of the average required time, FGPA

equires less time for the case-study instances. This finding may

e derived from the fact that the algorithm explores points not

ecessarily in the inducible region, which may help to approach

he optimal solution in a faster manner. On the contrary, HYBA is

he algorithm that requires the more time, but this may be obvi-

us since it performs all the steps of EPIA and at each iteration it

ay solve upon four extra mathematical programs. Nevertheless,

he registered times are acceptable for a problem of this nature. 

To compare the efficiency and the quality of the solutions ob-

ained by the heuristic algorithms, the optimality gap is computed

sing the values obtained by Ref.2 . Given that there are many op-

imal values equal to zero, the optimality gap (GAP) measures the

elative deviation from the optimal value, and it is computed by

he following formula: 

AP = 

∣∣∣∣ ( Optimal value ) − ( Obtaine d value ) 

( Obtaine d value ) 

∣∣∣∣ × 100% (47)

Also, an analogous formula is used to compute the relative

avings in time (% t ). That is, the reduction in computational

ime when solving the problem using the heuristics rather than

ef.2 . A negative value indicates that the heuristic consumes more

ime than the exact reformulation. The formula used is presented

ext: 

 t = 

( Require d time by Re f . 2) − ( Require d time by a heuristic ) 

( Require d time by a heuristic ) 

×100% (48)

The GAP and % t average values obtained for both type of in-

tances are shown in Tables 6 and 7 , respectively. 

HYBA is the algorithm that shows the best quality in the fea-

ible solutions obtained. For the case study instances, the average

ptimality gap was lower than 8% for all the sizes (see Table 6 );

hile for the synthetic instances, the average optimality gap was

ero (see Table 7 ). FGPA presents a very good average gap in com-

arison with EPIA in the case-study instances, but this behavior is
erto et al., A market regulation bilevel problem: A case study of 
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Table 4 

Summarized results obtained from the case-study instances. 

Size Ref.1 Ref.2 EPIA FGPA HYBA 

F̄ t̄ (s) F̄ t̄ (s) F̄ It t̄ (s) F̄ It t̄ (s) F̄ It t̄ (s) 

10 × 10 0.561 255.56 0.506 0.18 0.774 3.0 0.23 0.825 3.9 0.16 0.524 3.1 0.41 

25 × 25 14.225 500.26 1.000 1.86 1.570 3.0 0.30 1.171 3.7 0.35 1.020 3.0 0.71 

25 × 75 12.435 500.46 0.527 4.36 1.025 3.0 0.48 0.565 3.7 0.39 0.552 3.0 1.02 

50 × 100 211.696 558.80 1.051 53.15 2.041 3.0 2.39 1.132 3.1 1.14 1.091 3.0 5.18 

75 × 125 431.138 501.24 1.546 268.89 2.339 3.0 8.89 1.811 3.2 3.68 1.621 3.0 20.69 

150 × 200 - - 3.279 2754.68 4.129 3.0 61.82 5.037 3.0 12.06 3.443 3.0 112.25 

Table 5 

Summarized results obtained from the synthetic instances. 

Size Ref.1 Ref.2 EPIA FGPA HYBA 

F̄ t̄ (s) F̄ t̄ (s) F̄ It t̄ (s) F̄ It t̄ (s) F̄ It t̄ (s) 

10 × 10 0 0.26 0 0.14 0.007 4.5 0.08 0.006 4.8 0.10 0 5.6 0.09 

25 × 25 0.012 29.01 0 1.43 0 4.4 0.11 0.021 5.5 0.14 0 5.5 0.11 

25 × 75 0 10.94 0 3.65 0 4.4 0.17 0.019 5.1 0.20 0 5.4 0.17 

50 × 100 0.057 73.60 0 35.52 0 5.0 0.29 0.170 5.0 0.31 0 6.3 0.28 

75 × 125 0 118.76 0 90.48 0 7.0 0.60 0.086 5.9 0.76 0 8.7 0.57 

150 × 200 1.657 414.55 0 193.48 0 9.3 1.78 0.443 6.3 1.74 0 11.4 1.57 

Table 6 

Evaluating the effectiveness of the heuristic algorithms in the case-study instances. 

Size EPIA FGPA HYBA 

GAP % t GAP % t GAP % t 

10 × 10 42.27% 12% 29.60% 15% 7.68% -48% 

25 × 25 40.15% 746% 11.70% 534% 1.67% 190% 

25 × 75 53.78% 1156% 19.67% 1101% 7.04% 445% 

50 × 100 54.29% 3418% 10.72% 5418% 6.02% 1176% 

75 × 125 33.20% 5269% 12.26% 10696% 5.64% 1499% 

150 × 200 19.29% 9210% 17.20% 30206% 4.92% 3324% 

Table 7 

Evaluating the effectiveness of the heuristic algorithms in the synthetic instances . 

Size EPIA FGPA HYBA 

GAP % t GAP % t GAP % t 

10 × 10 6.67% 79% 10.00% 42% 0% 69% 

25 × 25 0% 1332% 46.67% 1038% 0% 1283% 

25 × 75 0% 2189% 50.00% 1895% 0% 2192% 

50 × 100 0% 13714% 90.00% 12176% 0% 14466% 

75 × 125 0% 16773% 90.00% 14272% 0% 18485% 

150 × 200 0% 11561% 100.00% 11377% 0% 12781% 
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Table 8 

Number of optimal solutions obtained for each heuristic algorithm. 

Instance Size EPIA FGPA HYBA 

Case- 

study 

10 × 10 7 11 20 

25 × 25 0 12 19 

25 × 75 5 13 19 

50 × 100 1 13 15 

75 × 125 0 4 9 

150 × 200 0 0 1 

Synthetic 10 × 10 28 27 30 

25 × 25 30 16 30 

25 × 75 30 15 30 

50 × 100 30 3 30 

75 × 125 30 3 30 

150 × 200 30 0 30 

Table 9 

Average required time when Ref.2 uses an initial heuristic solution. 

Instance Size Ref.2 HYBA Ref.2 w/initial sol. Total 

Case 

study 

10 × 10 0.18 0.33 0.07 0.40 

25 × 25 1.86 0.82 0.39 1.21 

25 × 75 4.36 1.54 0.80 2.34 

50 × 100 53.15 6.07 4.24 10.31 

75 × 125 268.89 20.24 19.73 39.97 

150 × 200 2754.68 196.38 390.15 586.53 

Synthetic 10 × 10 0.14 0.09 0.04 0.13 

25 × 25 1.43 0.12 0.10 0.22 

25 × 75 3.65 0.19 0.49 0.68 

50 × 100 35.52 0.33 1.15 1.48 

75 × 125 90.48 0.46 2.22 2.68 

150 × 200 193.48 1.95 7.28 9.23 

5
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e  

o  

i  

“  

f  

r  

s  
pposite in the synthetic instances. Concerning the savings in the

equired time, the three heuristic algorithms showed significant

avings, which is improved as the size of the instance increases.

GPA is the one that evidence more savings for the case-study in-

tances. It is convenient to mention that for the synthetic instances

f size 10 × 10, HYBA showed a negative saving, this implies that

ef.2 was faster to solve these instances. But, this is expected since

YBA solves at least one linear model and one MILP model, and

ef.2 only solves one MILP model. In spite of that, the advantage

f HYBA over the reformulation is evident for medium and large-

ize instances. 

To support the latter findings, the number of optimal solutions

btained by each heuristic algorithm are displayed in Table 8 . It

an be seen from that table that HYBA is the algorithm that was

ble to obtain more optimal solutions. Also, it an be observed that

GPA obtained more optimal solutions for the case-study instances

han EPIA, but for the synthetic instances the behavior was the

pposite. These results confirm the suitability for combining both

euristic algorithms to create HYBA. 
Please cite this article as: H. Maravillo, J.-F. Camacho-Vallejo and J. Pu

the Mexican petrochemical industry, Omega, https://doi.org/10.1016/j.om
.3. Using heuristic solutions to obtain the optimal 

The good performance of the heuristic algorithms lead us to an-

lyze the idea of use the near-optimal obtained solutions as an in-

ut to Ref.2 seeking to enhance their process. By doing this, we

xpect to significantly reduce the computational time required to

ptimally solve an instance. The results obtained from this exper-

mentation are shown in Table 9 . The columns with label “Ref.2 ”,

HYBA”, and “Ref.2 w/initial sol.” display the average required time

or each solution scheme. The final column “Total” sums the time

equired for the hybrid algorithm and Ref.2 using an initial good

olution. As it was expected, the advantages of using this scheme
erto et al., A market regulation bilevel problem: A case study of 
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Table 10 

Solutions for the sampled instances with ten commodities (per columns). 

Instance Shortages ( r i , i = 1 , . . . , 10 ) Surpluses ( s i , i = 1 , . . . , 10 ) Profit 

10_10_1 0 0 0 0 0 0.190 0.949 0 0 0.717 0 0 0 0 0 0 0 0 0 0 187,007 

10_10_4 0 0 0 0 0.338 0 0 0 0 0.733 0 0 0 0 0 0 0 0 0 0 116,793 

10_10_7 0 0 0 0 0 0 0.686 0 0 0 0 0 0 0 0 0 0 0 0 0 120,565 

10_10_20 0 0.211 0 0 0.8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 287,695 

10_10_28 0 0 0 0 0 0.558 0.728 0 0 0 0 0 0 0.091 0 0 0 0 0 0 144,769 
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are more notorious for medium and large-size instances. The best

example of this finding is given by the instances of size 150 × 200,

in which the time was reduced from 2754.68s to 586.53s, and from

193.48s to only 7.28s, for the case-study and synthetic instances,

respectively. 

Additionally, some insights could be given based on the short-

ages, surpluses, and profit of the private companies (lower level). A

sample of 5 case-study instances (size 10 × 10) has been randomly

chosen to conduct this analysis. The results are shown in Table 10 .

All the five instances show shortages for at least one commodity.

In one of them, shortages appear for three out of the ten com-

modities. Also, only one instance presents surplus for one com-

modity. From this data, one may conclude that, in the structure

of the data taken from the Mexican petrochemical industry, short-

ages are more common than surpluses. Moreover, in both cases

the market is not perfectly balanced, but this is a normal situa-

tion in actual markets. Regarding the profit of private companies,

it is not as much as one could expect, but recall that the follower’s

objective function corresponds to the global profit aimed for a cen-

tralized organization. Specifically, profits are related to the degree

of specialization of private companies to manufacture only some

commodities due to their competitive advantages. 

6. Conclusions and research directions 

This paper studies a market regulation situation, in which the

government controls the distribution of raw material and competes

against private firms in the production of final commodities. In this

market, the government has a privileged position since it deter-

mines its production and the amount of raw material offered to

private firms and its goal is to balance the market. The situation

that motivated our paper comes from the actual situation in Mexi-

can petrochemical industry with PEMEX from 1958 till 2014. How-

ever, this case is not exclusive from the petrochemical industry.

Also in the agricultural industry, the Mexican government monop-

olized the production, imports, and distribution of fertilizers from

1970 to 1986 through the state-owned company named FERTIMEX

[38] . The government also regulated the water supply for agricul-

tural consumption by fixing prices, defining production goals, and

restricting the land transactions [39] . In addition, in [3] , it is stated

that there is a tendency to use government instruments in devel-

oping countries, mainly in raw material industries. An indicator of

the latter can be seen in the large amount of oil expropriations

in the70 ′ s (see [6–8] ). Also, nationalizations occurred in Bolivia,

Ecuador, Venezuela, and Russia in 2006 (see [8] ). 

Motivated by the lack of models to analyze these type of

markets, this paper develops a bilevel programming approach that

fits naturally to the problem. We propose two approaches to solve

the problem. The first reformulation uses the lower level necessary

and sufficient optimality conditions to ensure the global optimum

of the bilevel problem. As a result of this reformulation, a con-

tinuous non-linear problem is obtained. The second reformulation

substitutes the above-mentioned conditions by the complementar-

ity slackness conditions generating a MILP. These reformulations

are able to solve optimally limited size instances. Therefore, three

heuristic algorithms are proposed to find good quality feasible
Please cite this article as: H. Maravillo, J.-F. Camacho-Vallejo and J. Pu
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olutions in a reasonable computational time. The first two algo-

ithms (EPIA and FGPA) are tailored for this problem, and exploits

he fact that the polyhedron associated to the dual problem of the

ower level remains the same for any leader’s decision. The third

lgorithm (HYBA) is a combination of the previous ones. 

Extensive computational experimentation is performed to test

he exact and heuristic approaches proposed in this paper. Two

ets of instances are used: case-study instances, that arise from the

exican petrochemical industry, and synthetic instances adapted

rom the previous ones. From the experiments, it can be stated

hat the reformulation that applies the complementarity slackness

onstraints is more efficient. On the other hand, the performance

f EPIA and FGPA strongly depends on the characteristics of the in-

tance. In addition, the hybridization of both heuristic algorithms

HYBA) yields to the best results in terms of effectiveness and so-

utions quality. Moreover, HYBA found the optimal solution for all

he synthetic instances, and obtained optimality gaps less than 8%

n the case-study ones. It is worth to mention that HYBA found the

ptimal value in at least 50% for the first four types of instance

izes. 

Finally, it can be concluded from our computational experi-

ent, that the most efficient manner to find optimal solutions for

he bilevel problem is by obtaining a good quality feasible solu-

ion through HYBA and then using it as an initial solution to solve

ef.2 . By doing this, a significant computational time reduction is

chieved. 

An interesting, yet open, research direction is to neglect, in

he model, the assumption that there exists an organization that

anages the cooperation among private firms. Hence, competition

mong private firms will emerge in the model. As a result of this, a

ilevel problem with one leader and multiple followers will appear.

hen, in a natural way, a Stackelberg game in which the follower’s

roblem consists of a generalized Nash game fits to analyze this

ituation. 
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